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SECTION 3
METHODS OF THE STABILITY STUDY OF MODELS OF
PATHOLOGICAL PROCESSES

Since models of systemic medical research are mainly described by
nonlinear differential equations that do not have analytical solutions, very often
when studying the problems of evidence-based medicine, it is necessary to look
for methods other than the analytical integration of differential equations. Along
with the use of numerical methods for solving differential equations, it is often
possible to identify important qualitative properties of solutions of nonlinear
equations without solving them explicitly. Such qualitative properties include
the stability of equation solutions, which will be discussed in the third section.
In addition, the coordination of stability properties with the corresponding forms
of the course of pathological processes will be shown. The obtained
mathematical methods will be illustrated by a software implementation from the

support environment for systemic medical research.

3.1. Studies of stability in medical biological systems with a delay

Our goal is to analyze systems of nonlinear differential equations with a
delay of the third order, close to the model of immune defense of the human
body, developed by a group of mathematicians and doctors headed by G.I.
Marchuk [53]. The method of Lyapunov-Krasovsky functionals will be used in
the analysis [143].

The main results of the theory of stability. A wide range of problems is
associated with the study of the dynamics of objects described by differential

equations with a delay
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%x(t) = F[x (s)],~r <s<0,t >0. (3.1.1)

Here x(t)eR", is F[x (s)]the functional defined for an arbitrary fixed t>0on a

set of piecewise continuous functions

X, (t+5s)
X, (t+5)

X (S) = ' ,—7<5<0

X, (t+5s)

One of the most general methods for studying the stability of such
problems is the direct Lyapunov method. The use of this technique for systems
with aftereffects is associated with two directions. The first is based on
Lyapunov's finite-dimensional functions and uses the theorems of B.S.
Razumikhin. However, this approach has a drawback. Namely, the need for
these stability conditions has not been proven. Differential-difference equations
SLFD should be considered in infinite-dimensional spaces. The use of finite-
dimensional Lyapunov functions leads to unnecessary sufficient conditions.

For this reason, M.M. Krasovsky [42] proposed to approach the study of
stability from the point of view of studying processes in functional spaces. As a

point of space, he proposed to consider not a vector X(t), but a vector-segment
of this trajectory x (s) ={x(t+5):—7 <s<0}. Instead of a functionv(x(t)), he
proposed to use V[x,(s)] the functionality defined on the segment x,(s). The use

of functionals is a natural generalization of the direct Lyapunov method for
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ordinary differential equations to the delayed equations. The main result for
autonomous systems is stated [102].
Theorem 3.1.1. Let there be V :C — R,V (0) =0- functionality and

continuous functions a,b:R* — R",such that a(r) >0at r >0, a(r) > wat, at

r— oo,

a(| x(®)) <V % (S)]V % (5)] < -b( (1) .

Then the unperturbed solution of x=0 the system (3.1.1) is stable, and each

solution is bounded. If, in addition, b(r)>0 at r >0, then each solution goes to

Zeroat t — .

One common case of a third-order nonlinear system with a delay.

Consider a system of differential equations with a delay

X(t) = ax(t) + X (x(t = 2), y(t — 7, 2(t = 7)),
y(t) = by(t) + Y (x(t = 7), y(t - 7), 2(t 7)), (3.1.2)
y(t) = cz(t) + Z (X(t = 2), y(t — 1), 2(t = 7)),

which is a generalization of the models used to describe immunity. Here a,b
and care the negative constants, the functions X,Y,Z satisfy the following

conditions
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X (x.y.2)
X
¥ (x,y.2)
X

Z(x.y.2)
X

—>O,npu‘x‘+‘y‘+‘z‘—>0,

<g,ly, (3.1.3)

<g,l7.

where g,,g,are positive constants.

Theorem 3.1.2. Let the conditions (3.1.3) be met.

Then the unperturbed solution |x|=|y|=|z|=0 (3.1.2) is stable and
exponentially x stable.

The proof is given in [159, p. 78-79].

Resistance of the immune defense system. Equations have been
proposed to describe the immune defense system [53]. Our further goal is to

obtain sufficient resistance conditions explicitly for such a system:

X(t) = arx(t) — bx(t) y(t) — ex(t),

. _ (3.1.4)
y(t) = — By () + kx(t — 7) y(t — 7) + 12(t — 7), 2(t) = mf (x(t — 7)) — nz(t).

Here f(x) X For this purpose, we introduce the following notations. Let
g+ X

h,h,,h;,0,,9,,9,be arbitrary positive constants. Let
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A =-2h +9,,A, =-2n,+0,,A; =-2h,n+g,,
2n2

h:m
A, =—0,AAA, - ~°’q—2AlA2 —ha?AA,,

h?m?
Ag==0,A,, 86 =—03As + gzhzz(_A1A3gl —A 3q2 - hlzazAa).
Theorem 3.1.3. Let there be positive constants

h,h,,h;,0,,9,,9,satisfying inequalities
A, <0,A,<0,A,<0,A,>0,A, >0.
Then the trivial solution (3.1.10) is asymptotically stable.
The proof is given in [159, pp. 80-81].
Exponential estimates. Next, we will consider only the case when the
conditions of theorem 3.1.3 take place. Let us introduce some notation. Let

A, W) be the maximum eigenvalue of the matrix W . Let

=min{h,h,,h,},g =min{g,,9,.9.},
=max{h,,h,,h},g =max{g,,9,, 9.},

8y = = W) = 81, = =2 W) + 3]

h
h

Theorem 3.1.4. Let the system (3.1.4) be such that the conditions of
theorem 3.1.3 hold. In addition:

Ay W) +T =0.

Then there is:

X(O)? + Y1) + 2(t)° < \@e—w—w,t >t

Here A is the positive solution of the equation:
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A+a +be*" =0

To prove this theorem, a lemma is required [40, p. 31], which is often

used in qualitative analysis of systems with an aftereffect.

Lemma 3.1.1. Let the scalar function p(t) >0be continuous by [t,—h,T].
If t<[t,,T], then the function p(t) is continuously differentiable and satisfies the

inequality

p(t) <—yp(t)+ B|p .t <t<T,p, = p(t+6),-7<H<0.

Here y and g are the constantsand y > £>0. Then

p(t) <||p, H e /) ¢ <t<T,

where Ais the only positive solution of the equation:

A=y — Be”.

In proving theorem 3.1.4, L,the -norm in the space of squared functions

on [-7,0]:

()], = U xz(s)dsj :

The proof of theorem 3.1.4 is given in [156, pp. 190-191].
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Examples. Consider an example illustrating the so-called subclinical
form.
Let
a=1.04,b=0.6,c=1,
£ =0.1k=0.4,1=0.04,
m=1,9=100,n=0.01,
7=0.1

Let's use the same Lyapunov-Krasovsky functionality at
h=h,=h=30=0,=0,=1. Applying theorem 3.1.4 to this system, we

have: 1=0.98. Fig. 3.1.1 shows changes X, Y,z over time.

| | |
20 a0 40 30

..... without delay f

y : | | | |

0 | 1 | |
0 10 20 30 40 50

——  withdelay - without delay f
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1 | | |
0 1 10 20 30 40 50

——  withdelay - without delay f

Rice. 3.1.1. Modeling of the subclinical form of the disease, using systems with

and without delay.

The following example illustrates the chronic form of the disease.
Let
a=1b=10,c=1.01,
S =100,k =-5,1 =34,
m=1,q=10000,n=0.2,
7=0.1

Fig. 3.1.2 shows changes X, Y, zin time.

X =0 T T T T
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y 15 T T T T
10 fre i
5 H‘ 0 .
q A :L :] ll L | |
0 10 20 30 A0 50
——  withdelay  ----- without delay f
b T T T T
1 p—
05 —
0 | | |
0 10 20 3 40 50
—— withdelay  ----- without delay f

Rice. 3.1.2. Modeling of the chronic form of the disease using systems with a

delay and without a delay.

Instability. In medicine, the case of instability corresponds to the acute
and fatal forms of the disease. Our next goal is to show sufficient conditions of

instability for a trivial solution of the system:

X(t) = arx(t) — bx(t — 1)y (t — 7) — ex(t),
V(&) = =BY(t) + kx(t = 2) y(t — 7) + Iz(t), (3.1.5)
2(t) = mf (x(t — 7)) — nz(t).

The instability theorem for nonlinear systems of general appearance is stated
[80].
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Theorem 3.1.5. We consider the system (3.1.1). Let x(o,¢p) be a
solution starting from a point (o,). Suppose that there exists y >0, open in

C the set U and continuous bounded scalar functionality V :clU — R, such
that:
i) V(p)>0on u,V(p)=0 onthe border U;

(i) 0 belongs to the closure U ;
(iii)  V(p)<u(p(0)) on U nB(0,7);

(iv) V =w(p©))on [o.%)xUB(0,7),

V (1) = im IV (x4, (t.0) -V (0]

where u(s),w(s) are continuous increasing and positive for s>0.

Then the trivial solution (3.1.1) is unstable. That is, every solution

X (o,9) with the initial function @with U nB(0,y)must reach the limit
B(0,y) for a finite time.

Theorem 3.1.6. Let positive constants «, 5,b,c,k,I,m,n be such that
there is a delay function z=r7,(e,/p,b,ck,I,mn) and continuously

differentiable positive functions F(8),G(0),H (8),0 <8 <z in which the matrix



a-c 0 0 0 ““Fro o 0 0 0 b 0
2 2
| B k
0 - >0 0 0o Zee 0 0 LS 0
B 5 ) (-0) 5
0 Lo 0 0 0 0 _n 0 m
2 2 2
0 0 0 %F(r) 0 0 0 0 0 0 0
2 CrCe 0 0 0 —% F(-o) 0 0 0 0 —g F(-0) 0
W= 0 0 0o o0 0 %G(r) 0 0 0 0 0
0 Bocoy o o 0 0o -i6e o 0 _Ke(0) 0
2 2 2
0 0 0o o0 0 0 0 —% H () 0 0 0
0 o N o9 0 0 0 o -Liice 0o -THeo
2 2 2
b K o o -2rcop o Kere o 0 0 0
2 2 2 2
0 0 % 0 0 0 0 0 —% H(-6) 0 0

IS positive-defined.
Then the trivial solution (3.1.5) is unstable.
The proof is given in [156, pp. 494-495].

3.2. Conditions for the stability of the bone reconstruction system

In subsection 2.6, equations were given that describe the system of bone
tissue reconstruction. Let us investigate the stability conditions of such a
logistic-type equation.

Equation (2.6.2) has two steady-state P, =0 states and P,=/. Let us
study the stability of the state P,.

Lemma 3.2.1. The state P, of equation (2.6.2) is asymptotically stable at

a>0.

The proof is given in [158, p. 295].
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Suppose that the model (2.7.1) estimates the mineral density of bone
tissue and the height of the vertebrae with a sufficient degree of accuracy. Let us
study the structure of the equilibrium points of the system (2.7.1). The

equilibrium points of our system are obtained for the following values p(t) and

H™(t): P,(0,0) and P,(p,H™). Here

_ ao
p=22 L o A7)
v v o vu v

The study of the stability of the solution P, will be reduced to the non-

positive certainty of the matrix

0 0 0 0 &
2
0 by 0 ~L(aa+bs) l[ﬂ—aw bi}
2 2\ p H
1 b av
aa  bu POR
_| 0 0 0 o el 2
- 2(2 Hl] ’
0 -laasns) L2, be 0 0
2 2|l p H?
Ly Ly, b0 av 0 0
2 2{ p H™ 2p

The following statement is true.
Theorem 3.2.1. Let the coefficients of the «,v,y,0,u system of

equations (2.7.1) be such that there are positive constants a and b, at which the
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matrix is non-positively defined. Then the steady state of the P, system (2.7.1)

Is stable.
The proof is given in [158, p. 296-297].

3.3. Problems of stability of equilibrium states of the toxic colitis
system

Consider a simplified example of the model (2.8.1)-(2.8.10), where
immune defense is reduced to the action of IgA antibodies, the influence of
circulating immune complexes and phagocytes is also not taken into account,

E(m)=1. We assume that the increase in the concentration of lead acetate

occurs continuously and it is proportional to its current concentration:

B 0 -k X 0%,0.
50 ko (0~ e 01,0~ ik X O, 0,
(3.3.1)
PO i - mx-2) K (6,0 -%).
0l e, % 0~ ko0
Initial conditions at t e[t, — 7,,t,]:
X (1) =X, X, (1) =%p, X;(t) =Xg, X (t) =Xqp. (3.3.2)

System (3.3.1)-(3.3.2) has two stationary states. One of them is R;:
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x(t) =0,

k2,6X6
k2

X, (t) =

Xg (t) = Xg’

x,(t) =0

interpreted as a state of a healthy organism, the other is P, :

Xi(t) _ _ke _kz,exgkl,z + k2V1 _ X; ’
Vi (_ke,l,zkz,e + k2,1k1,2k6)
X, (t) = Y X5,
1,2
_ke,l,zkzvl + Xg k12,2k1,2k6 U

X (1) = =X,
6 (_ke,l,zkz,e + kz,lkl,zke ) k1,2 i

_kz,exg kl,Z + k2V1
Vi (_k6,1,2k2,6 + k2,1k1,2k6 ) klO

X0 (t)= _klo,lkﬁ = Xfo ’

interpreted as a chronic course of the disease.
Study of the stability of the system (3.3.1)-(3.3.2) in the vicinity of points

B and P, is carried out by the method of linearization.

Statement 3.3.1. Let the coefficients and initial conditions of the system
(3.3.1)-(3.3.2) be such that the inequality is satisfied:

KoV, < XoKy oK, 6. (3.3.3)

Then the steady-state of P the system (3.3.1)-(3.3.2) is stable. If the

coefficients and initial conditions of the system (3.3.1)-(3.3.2) are such that the
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condition (3.3.3) is not met, then the steady-state of P the system (3.3.1)-
(3.3.2) is unstable.

The proof is given in [185, pp. 97-98].

Example. Fig. 3.3.1 shows the results of numerical integration of the
system (3.3.1)-(3.3.2) for parameter values and delay (2.8.12).

Ei Monen: Tokcuunoro koniry - Microzoft Internet Explorer =
File Edit “iew Go Favortes Help

F.3267 e 300.441 1 d
572285 300.3537

1.11891e 300.265 1

251498 300177

1.1104% 300.088 1

-6.92883 WWMWWWMW 300 T T T T T T T T T T

0.5 25425585 8.62811.67 1471 17.75 2008 2384 26.88 29.92 3297 05 254255085 8.628 1167 14.7117.75 20.8 23.04 2680 29.92
SUETAT CEMHLIO lgh
30211 3.76875

301.758 1 312484

301.407 2.48034

301.055 1 1.83704e q

300,703 1193147

300.352 1 5.49232e 1

300 T T T T T T T T T -3, 467151 T T T T T T T T T T
0.5 25425585 8.62811.67 1471 17.75 2008 2384 26.88 29.92 3297 05 254255085 8.628 1167 14.7117.75 20.8 23.04 2680 29.92
npogyueHTH lgé CTYNIHE YUWKOIKEHOCTI TOBCTOI KHLKM -

4 | ' 4

(@)



Ei Monen: Tokcuunoro koniry - Microzoft Internet Explorer =]

File Edit Wiew Go Favoites Help b
=
1.008e-0 0.00304E
1.00E4e- 0.00303
1.0048e- 0.003027 1
1.0032e- 0.00301
1.0016e- 0.003008
1e-006 T T T T T T T T T T T 0.003 T T T T T T T T T
05 25425685 8628 116714711775 20.8 2384 26.88 2992 3297 0.5 2542553858628 11671471 17.75 20.8 23.84 26.88 29!
ALETAT CEHHLID lgt

0.00305 0.00223
1003046 4 0007862 4
0.00303 0.00149+
1.003027 4 0.001118
0.00301 0.00074
1.003009 4 0.000372 4

0.003 T T T T T T T T T T T 1] T T T T T T T T T T

05 25425885 8628 116714711775 20.8 23.84 2688 29923297 05 254255858628 1167 1471 17.75 20.8 23.84 26.88 29!

MpoOYLEHTH lg8 CTYMIHE YLIKOL#EHOCTI TOBCTO KMLWKK =
€| vl

(b)

Moaenb TokcuuHoro koniTy - Microsoft Internet Explorer

J Pavin  [paeka Bwa  KsBpanHoe Cepewc Cnpaeka |JCCbIJ‘IKI/I =
I il I I

11823 89.4478 1

1.6991 89.4467

-3.7199 7 9.4451 7

-9.13907 89.4437

-1.4558 7 89.4425 1

-1.9977 T T T T T T T T T T — 89.441 T T T T T T T T T T T

537 565 593 621 648 676 704 732 760 788 815 843 537 565 593 621 648 676 704 732 760 788 815 843
ALETAT CEMHLID I

89.4507 5.2551

39.4503 06956

89.4507 2.88407

19.4495 7 1.69847 1

89.4497 512937

19.4493 7 -6.7260

89.449 T T T T T T T T T T —=1.8681 T T T T T T T T T T T

537 565 593 621 648 676 704 732 760 788 815 843 537 565 593 621 648 676 704 732 760 788 815 843
NpoAyYUEHT M lgaA CTyNiHE YIIKOANEHOCTI TOBC
<

win

(©)

Rice. 3.3.1. System integration (3.3.1)-(3.3.2).

Fig. 3.3.1a Values close to the equilibrium state are taken as initial conditions:
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297.3
297.3

Namely:
x' =10, , x) =300 x{ =300, . x{=0In this case, the condition (3.3.3) is
fulfilled — the solutions are approaching the steady state.

Fig. 3.3.1b Values close to the equilibrium state are taken as initial conditions:

0
0.0037
0.0037

0

Namely:
x, =107, xJ =0.003, x{ =0.003, . x; =0Note that in this case, the inequality
(3.3.3) is violated - we observe an unstable solution.

Statement 3.3.2. Let the parameters and initial conditions of the system
(3.3.1)-(3.3.2) be such that there are roots of the equation

(= k,v,ky, + X0k K, + ko, kXK, — VK, kXK, Jy +

27110 1,2772°727710 10,1771,2771 72,6 1772,1771,27"1 7110

+(Kkok, +k, kX k, =ik, +k Xk, —vk, kX —kyv, +k

*
2
1072 2,177,271 7710 1°710 1,2772°710 1"217'1,271 X kZ)y +

1,272

+(k,k x*+k10+k2+k112x;—v1)7/3+7/4:O

211,271

(3.3.4)

with a positive real part. Then the equilibrium state of P, the system (3.3.1)-

(3.3.2) is unstable.

The proof is given in [185, pp. 101-102].

Unfortunately, it is impossible to obtain the roots of equation (3.3.5) in
analytical form in terms of coefficients even using the modern MAPLE symbol

calculation package. Therefore, we will illustrate statement 3.3.2 using the
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example of a system (3.3.1)-(3.3.2) with parameter values and delay (2.8.12).
x, =89.45 In this case, equation (3.3.5) has roots:

—-0.601-1.822i
—0.601+ 1.822i

r = 1

0
3.28

one of which has a positive real part - solution P2 - unstable (Fig. 3.3.1c).

3.4. Qualitative study of piecemeal continuous systems in

radiotherapy

Radiotherapy is an effective treatment in oncology. In the early (T1 and
T2) stages of cancer, the results of radiotherapy are comparable to those
achieved by surgery. And even more, radiotherapy is preferred in some cases
when attention is paid to the protection of the affected organ. In more complex
cases, radiotherapy is often used after surgery as paired therapy together with
chemotherapy (chemoradiotherapy) .

Radiotherapy can be guided by external light flux or other techniques.
The choice of one or another method depends on the location of the tumor and
the purpose of therapy.

Today, using radiotherapy, they face numerous problems. The most
important among them is how to control the number of cells in the tumor (level
of damage). The goal is to achieve the desired tumor management. Even until
now, this problem is being solved experimentally. But, as it has been
established, the degree of damage to cells by radiation as a whole is an
exponential function of the radiation dose [120]. Next, a method for
constructing such exhibitors will be presented. Such exponential estimates are
important in answering the following questions.

l. What radiation time (or radiation dose) do we need to reach the desired
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tumor size;
I1.  When will we be able to achieve the desired tumor size by knowing the
radiation dose?
1. What will be the minimum and maximum size of the tumor after
radiotherapy?
IV. How long can a tumor (such as a prostate) be histologically noticeable
after radiation.
Problem statement. For the first time, delayed differential equations for
studying the cell's response to X-rays were proposed in [64] and were of the

form

>:<(t)=ax(t)+b[x(t—r)—x0], 0<t<T, (3.4.1)
X(t)=b[x(t—7)—x,], t=T

Here t is the time variable, the scalar function x(t) denotes the concentration
of a substance in the irradiated cell x, - the normal equilibrium concentration of

this substance, when there is no irradiation, T is the irradiation time. It is
assumed that cells have the ability to make up for the lack or eliminate the
excess of this substance, but their reaction has a delay time equal to .

Therefore:
X(t)=x,,t<0 (3.4.2)

In equation (3.4.1), the constant a depends on the degree of irradiation, the
constant b shows the reaction of the cell to deviations from the equilibrium

concentration X, .



160

Equations (3.4.1) and (3.4.2) were proposed in [64] and are widely used
today in medical radiology to assess the effects of radiotherapy used in the

treatment of cancer [128].

Let us denote through L,([-7,0],R") the space Lebesgue functions

defined on [-7z,0] with values in R" For a fixed, >0 a Hilbert space
H =R"xL,([-7,0],R") with a scalar product (u,,u,)=V,v, + Tqif (), (s)ds is
considered, where u, = (v.,¢) € H and the norm

[(v.¢) |=vTv+ fgﬂ (s)p(s)ds

In the future, the trajectory interval x(t) of length z is denoted by x,, i.e.
X, =X(t+s) forany —r<s<0.

We will use the following norms

I uf{J (t+5) fds} I

_ = _rpgezo\x(t +5)),

where ‘x(t+s) \ is the Euclidean norm.

Equations (3.4.1), (3.4.2) are representatives of the class of systems with a

delay:
X(t) = A(t, x )x(t) + B(t, x ) [x(t — 7] — %,],0<t <T,
X(t) =B(t, x ) [x(t—7) - X, ],t =T, (3.4.3)
X(t) =x,,t<0.

Here x, is a constant vector, A,B:RxL,([-7,0],R") - R™ - matrix-significant
operators. Equations (3.4.3) are not considered in this work, but it is believed
that they will play an important role in applications similar to radiotherapy in the
future.

The solution to the initial problem (3.4.3) for each t>0 is the

X e L,([-7,t],R"). function It is known that there is a single solution (3.4.3),
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determined for [-7,o0] which continuously depends on the initial data in the
norm H.

System (3) can be rewritten in the usual "linear" form

1{&(0)} A(xt(mj, G4
dt\ X X,
(%(0), %) = (%, %) € H, (3.4.5)

where

{)’((t) = A(t,x)X(t) + B(t,x)[x(t —7) = %,],0<t <T,
A[&(O)J: X(t) = B(t, x)[X(t—7) — %, 1.t =T (3.4.6)
X dx, (s)

—7<58<0

ds
-- infinitesimal operator.

Linear transformations of dependent quantities. Corresponding
transformations make it possible to simplify the system (3.4.3). This is very
important in cases where it is necessary to find estimates of solutions in an
explicit form.

Lemma 3.4.1. The study of the behavior of the solution of the system (3)
IS t>T reduced to the study of the equation

%= B(t, %, + ¥,)X(t - 7) (3.4.7)

The proof is given in [211, pp. 263-264].

Lemma 3.4.2. Let A(t,x)=ADB(t,x,)=B be the constants of the

matrices that switch with each other. Then, when 0<t<T studying the stability
of solutions, equations (3.4.3) can be reduced to the study of the stability of the
system described by the equations

% ~ BX(t-7) (3438)
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The proof is given in [211, p. 264].

In the future, we will consider only the system (3.4.3), assuming that the
conditions of lemma 3.4.2 take place. This allows us to replace the initial
problem (3.4.3) with the

@: BX(t—7),t >0
dt (3.4.9)

X(t)=e™(A+B) " Ax,,—r <t<0

where

gy =8 (KO- (A+B)7BX,) 0<t<T,
) X(t) = %,t>T

The system (3.4.3) in the form (3.4.9) will be used to obtain exponential
estimates of the solution. There are two main methods for finding estimates for
systems with an explicit delay, based on the method of Lyapunov functionals. In
this subsection, they are applied to the system (3.4.3).

Evaluation of the solution as a result of difference inequality. Consider
the behavior of the solution (3.4.3) at t > 0. Let us use the technique proposed in

[108] for functional-differential equations
(1) = A(t,x)X(0) + Bt X )x(t 7).

The main idea of this approach is the use of functionalities
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v(t,4)=¢" (0)4(0) + j ¢' SV (t+5)g(s)ds (3.4.10)

Note that for a specific solution, we can consider the functionality (3.4.10)

as a function of t.
v(H)=v(tx)

We also note that if  A(t,x) = A B(t,x,) =B are the constant matrices, then we
can replace them in the functionality (3.4.10) V(t+s)=V
In the paper [108], exponential estimates for v(t). These estimates are

based on inequality
v(t) <v(t—27)d, (3.4.11)

where d <1 there is a constant that can be defined.

Theorem 3.4.1. [108]. Suppose that

(And) there is a number py, such that

V(t) < g |x@)[ ,t>0,
(ii) there are positive numbers a, b and ¢ such that
|Al=|A(t.¢| < a,|B|=|B(t.g|<b,gC.N|=N (1) <c.t>—.

Then there are steels v >0 and N >0 those that

v(t) <V(0)Ne™,t > 27. (3.4.12)

Remark 3.4.1. The above values v >0 and N >0 have an obvious form,

namely let
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1
T<T
f 0
p: 1 — 1 ’ f :_Lp’ d = 1+7T
(1+zc)"“a+b 8(1+ zcO P
Cyi Ty <T

where cO is the positive solution of the equation fc)’*+c,—-1=0 and

%o :p\/g-
Then

v:—m, N :1.
27 d

Let's apply the assumption (3.4.12) to the system(3.4.3) at t > 0.
Lemma 3.4.3. Let the system (3.4.3) be such that the conditions of
theorem 3.4.1 are met. Then, if 2z <t<T , then
B

_P
)OI [ gl @ree) s | e (34.13)

The proof is given in [185, p. 109].
Lemma 3.4.4. Let the system (3.4.3) be such that the conditions of

theorem 3.4.1 are met. Then, if t>T > 27 , then

vt

IX()| < [%|+ L+ zc)"*N, N % 2 (3.4.14)

Here
Nl — (1+ 7'_C)l/z H)~(0Hf N 71/Zefv(sz').

Proof. The same ideas are used as in lemma 3.4.3. N, is an estimate X; .
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Evaluation of the solution as a result of differential-difference
inequalities. Irregularities (3.4.14) can be used to solve the following problems
that arise in radiotherapy:

(i) Reaching tumor size L. The exposure time T is fixed. How to find the time t
when the level of tumor size will be less than the specified L.

(1) Finding the exposure time T. It is necessary to obtain the desired tumor size
that is smaller than the specified L for a fixed time t* due to the change in the
exposure time T.

Namely, the solutions of these problems lead to the solution of the
corresponding exponential equations arising from (3.4.16).

Problems arise that require not only upper but also lower grades of the
system (3.4.3). Namely:

(111) Reaching a tumor size larger than L.
(IV) Finding the exposure time T such as to exceed the size of the tumor L ina
fixed time t.

To solve problems (1) — (IV), we will use the Lyapunov functionality
(3.4.10) with a constant matrix V. This approach is based on obtaining
difference-differential inequalities.

The complete derivative of the functionality v(t) along the interchanges

X(t) has the form

V(t)=—¢'C¢,

( X(t) j {—V —B}
e=| o=l
X(t—1) -B" V|

Comments. We believe that the system (3.4.3) and functionality (3.4.10)
are such that the matrix C is positively defined.

Let us present a method of two-way evaluation of the functionality v(t).
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Lemma 3.4.5. The functionality v(t) at the solutions X(t), i.e.

v(t) =v(X,) satisfies the difference-differential inequality:

V(t) +av(t) + byt —7) <0,t > 7,

_ Ao V) | 1y _ _ A V)
al - lmin (C)|:1+ ﬁminn (C) } ' bl - ﬂ’min (C) |:1 ﬂmin (C) :|

The proof is given in [185, pp. 111-112].

Lemma 3.4.6. The functionality v(t) along X(t) the solutions satisfies the

difference-differential inequality

0<v(t) +a,v(t) +byv(t—7),t>7,
a,= 4 (C){1+ fli—mbz _ /ImaX(C){l—i“:;—?C/:))}
Proof. The same reasoning is used as in lemma 3.4.5.
Lemma 3.4.7. Differential equation
z+az(t)+bz(t—7)=0,t>0,z(t) =¢(t),—z <t <0 (3.4.15)

with coefficients a=a, and b=b, (a=a,,b=b,)) is asymptotically stable for

any 7>0.
The proof is given in [185, p. 112].
Lemma 3.4.8. If a—|b|>0 then the solution z(t) of equation (3.4.15)

satisfies

vt

z(t) <] z].e . t=0,
2z(a—|b])
v, =
r(a—|b)+Ina—Injp|

(3.4.16)

and
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Vot
“e 2 <|z(t)|,t>0,
o "¢ * <k et

VT

v, =2(a+ble ?).

The designation used here is (it is not the norm)

= min |z(t +5)|

Hzt T —r<s<0
Let us use the Lyapunov function €*z® and the Razumikhin inequality

|z(t—7)|<e"|z(t)] to estimate its complete derivative. From here we get

(3.4.16). The inequality (3.4.17) can be obtained in the same way.

Let's enter the notation

4'Tﬂ‘min (C)

22ﬂ‘min (C) +1In |:/1max (V) + /Imin (C):| ’
ﬂ’max (V) - j’min (C)

=

V2= Z{Emax (C)d+ e%) + Arin (V) (L= eyﬂ,

pV)=1+74_. (V).
Theorem 3.4.2. Suppose that there is such a positively defined matrix V

that the C matrix is positively defined as well. Then the solution x(t) of the

initial problem (3.4.3) satisfies with 7 <t <T the following two inequalities:

(At
,. € 4T <t<T

(O] < L x|+ )

|A+B|

XT

.t
e 4, T<t<T
27

e (x(t) - (A+B)™ BXOHT >

T

1
Vo)
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%[ and ||%|, are the minimum and maximum values |%(t) at

7127

Here

—<t<r.

The proof is given in [185, p. 114].

At we t>T >z can obtain a similar result presented in the following
theorem.

Theorem 3.4.3. Suppose that there is a positively definite matrix V such

that the C matrix is positively defined as well. Then the solution x(t) of the

initial problem (3.4.3) satisfies the t >T >z two-sided inequalities

_nt
X[ e*t>T>r
27

X(0)] <]+ VAV)
1

t) =%, > ——

AN

Example. To illustrate the results obtained, consider a two-dimensional

.t
e *t>T>r1
27

XT

stationary system for r=0.25

oy JAX®) +B[x(t-7) - %] 0=t <5 (3.4.18)
X(t)= B[X(t—r)—Xo],tZ5
x(t):XO:Gj, t<0,
where
X(t)‘(xz(t)j T
here

A{ili} B:[—_5 —_1}
0 02 3 2

We use the functionality of Lyapunov
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V($) =4 (0)4(0) + [ ¢ (s)Vh(s)ds,

where
ath
0 1

We get the following values

A.:+,(C)=182 4. (C)=14.48,
7, =1.3046, y, =63.05, ¢(V)=1.25

According to Theorem 3.4.2, we have the following estimates:
X(t)] <1.01+1.12- e, 7 <t <5 |X(t)| =0.85-e7>™ 7 <t<5
According to Theorem 3.4.3, there is:
X(t)] <1.01+1.12.**,t >5 |%(t)] >0.85-e7*",t>5.

Now let's try to solve the problem of finding time t when the tumor size

becomes smaller than the given L =1.01. Inequalities need to be resolved

1+1.12-e*3 <1.01t>5

We get t>7.3.
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3.5. Stability of solutions of the mathematical model of immune
defense by G.I. Marchuk

A model of the inflammatory process of an infectious nature is considered.
In general, the mathematical model of immunity is described in the work [53]. It
is universal and valid not only for the inflammatory process, but also for
infectious infection of the body. The model takes into account the following
factors determining the course of the process:

l. Antigen population V multiplying in the body;

I. Population of antibody cells (plasma cells) C;

1. Number of antibodies (immunoglobulins) F in the body;

IV.  Degree of organ damage m.

The equations that determine the dynamics of the process are of the form

dv
L —(B-7F\V,
o (B-rF)
dc
E=f§(m)a V(t-7)F(t—7)—x(C-C,), (3.5.1)
dF
d—=pC—(ﬂf+777V)F,
t
dm
—=0V —um
dt O- /’lm

with initial conditions at t €[-7,0]:

V(t)=V,,F(t)=F,,C(t) =C,,m(t) =0.

Here f is the antigen multiplication coefficient; » - a coefficient that

determines the probability of neutralization of an antigen by an antibody; « -
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the coefficient that determines the probability of antigen-antibody meeting; . -
the coefficient inverse of the life time of plasma cells; p - the rate of production

of antibodies by one plasma cell; u, - a coefficient inversely proportional to the

time of decay of antibodies; » - the number of antibodies required to neutralize
one antigen; o - a coefficient that determines the rate of cell death due to the
damaging effect of the antigen; - a coefficient that takes into account the
speed of recovery of the damaged organ; r - delay phase (the time during which
the formation of a cascade of plasma cells is carried out); £(m) - continuous
non-increasing function (0<£(m)<1), which characterizes a violation of the
normal functioning of the immune system due to significant damage to the target
organ.

The listed parameters are positive and are specific both for the type of
antigen, and for the organ, and for a specific organism.

The system of differential equations presented above has two states of
equilibrium [53]. One of them is trivial, the other is denoted (V' ,F ,C",m’).
Having carried out the linearization of the system of ordinary differential
equations (ZDR) in the vicinity of a point (V',F",C",m"), we get a linear

system of ordinary differential equations with constant coefficients:

d ) .
d—?=ﬂ><1—7F X =NV X

%: g(m*)aF*Xl(t —z') +§(m*)aV*X3(t —T) — Hc X, +CZV*F* déd(r:] )X4
dx, * -

o =P X =N X~y F X

dx,
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The characteristic polynomial of the resulting linear system ZDR is a

quasipolynomial (exponential polynomial) of the fourth degree:

A +al’+a,’+ad+a, +bhA%e ' +ble T +be ™t =0,
(3.5.2)

where
a=yF +mN +u - B+, + e

&, == + te iy + Moty — Pty — Pric + ¥ F iy +1N 1ty + penN T+
ity oy — BN+ ¥ F g+ yF g

8y = ey My — Blic iy — BN~ = Bty i, — BN 1y, — Bilc iy +

N ey + ¥ F pig iy + Y pic gt + yF g g,

2d
( ) f(rf:)

a, =opy aF" = Bty oy = BUIN "ty + 7 F i i

b =-p&(m’)aV’

b, = Bp&(M)aV™ - pu,&(m)aV’

b, = Bou,&(M)aV’.
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Study of the stability of the solutions of the immune defense model.
When studying the placement of the roots of the equation based on an
exponential polynomial (3.5.2), the following result will be used, proven in the
paper [128] using the Rouche theorem [95].

Lemma 3.5.1. For an exponential polynomial

P(A,e*,....e"™) ="+ pPA"" + ..+ p%A + pl?
HpPA 4+ pP A+ pPle

+...+[pl(m_1)ﬂn_l+...+ p,grjl_l)ﬂ«*‘ pr(]lm—l)]efﬂrm’

where 7,>0(i=12..m) and p’@(i=01.m-1j=12..,n) are
constants, when changing, the (z,7,,...,7,) sum of the orders of zeros
P(1,e7*",...e"*™) in the open right half-plane can change when zero appears on

the imaginary axis, or intersects it.
It is clear that iw(w > Q) the root of equation (3.5.2) will be if and only if:

w* —iaw® —a,w’ +ia,w+a, —bw’ (coswr —isinwr) +
+ib,w(cowr —isinwr) +b,(coswz —isinwr) =0

Separating the real and imaginary parts, we have:

w* —a,w’ +a, =bw’ coswr —b,wsinwz —b, coswr, (3.5.3)

aW’ +a,w=-bw’sinwr —b,wcoswr + b, sinwr

Adding the squares of both equations (3.5.3), we have:
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W +(a% —2a,)w° + (a7 + 2a, + 2a,a, )W’ + (3%, — 2a,a,)W* +a%, =
=b%w* +b%,w? +b’, — 2bbW*, To6TO

W +(a% —2a,)wW° + (&7 + 2a, + 2a,a, —b* )w' +
+(a’, —2a,a, —b%, + 2bb,)W* + (a%, —b%) =0 :
(3.5.4)

Let's put z=w?’and enter the notation
p=a’-2a, q=a’ +2a,+2aa,—b?
r=a,’ —2a,a,—b’+2bb,s=a’-b’
Then equation (3.5.4) takes the form:
h(z)=2z"+pz’®+qz° +rz+s=0. (3.5.5)

Statement 3.5.1. If s<0, then equation (3.5.5) has at least one positive

solution.

The proof is given in [195, pp. 108-109].

Statement 3.5.2. If s>0 equation (3.5.5) has positive real roots, then

A=E14+112720 (3.5.6)

where £=18p°/432-pq/8+r/4, n=-3p°/16+q/2

The proof is given in [195, p. 109].

In the case when A >0, among the roots of z1, z2, z3 equations
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dr:j(z) =47°+3pz° +2q9z+r=0
Z ]

calculated according to Cardano's formulas, there is at least one, which is
the local minimum h(z).
Let's denote:
z" =argminh(z;)
i=13

Statement 3.5.3. If s>0, then equation (3.5.5) has positive roots if and
onlyif z>0 i h(z")<0.

The proof is given in [195, p. 109].

So, in the general case, we have:

Lemma 3.5.2. If s<0, then equation (3.5.5) has at least one positive root.

If s>0, then equation (3.5.5) has positive roots if and only if
2"’>01h(z')<0.1fs>0 i A<O0, then equation (3.5.5) has no positive roots.

Suppose that equation (3.5.5) has positive roots. Without limiting

generality, let's assume that it has four positive roots, which we denote

respectively z1, z2, z3, z4. Then equation (3.5.4) has four positive roots:

Wj_: Z]_1W2: ZZ’W3: 23,W4:1,Z4

Let's mark

3
rlf”=i arcsin —— a;WkJra?’Wk —
Wi \/bZWk +(b; —bw)
k=12,3,4,j=01,..

—p+2(]-Dr |,
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Here ¢ is the solution:

—b,w, cosp= D ~bw,”

Jb2w? + (b, —bwp)? Jb2w? + (b, —bw?)?

sing =

Then, as follows from the second equation (3.5.3), *iw, are pairs of purely
imaginary roots of equation (3.5.2) at z=7,'", k=1,2,34, j=01.. Itis

clear that
lim rlﬁ“ =0, k=1,2,3,4,

J—oo

So, let's denote

e = min {0} _
To =Ty, K@inﬂ T g Wo =W

Theorem 3.5.1. Suppose that all the major minors of the Hurvician

a 1 0 0
aS + b2 a‘2 + bl al 1 (3 5 7)
0 a,+b, a+h, a,+b -
0 0 0 a, +b,
Positive.

If s>0i1A<0, then all the roots of equation (3.5.2) have negative real
parts at all z>0. If s<0 or s>0, z°>0ih(z")<0, then all the roots of

equation (3.5.2) have negative real parts at 7 €[0,7,).

The proof is given in [195, pp. 110-111].
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The result presented above can be reformulated in terms of the coefficients
of the immune defense model, thus obtaining a sufficient condition of resistance.

Theorem 3.5.2. Suppose that the coefficients of the immune defense model
(3.5.1) satisfy the conditions of theorem 3.5.1.

Then, if s>0i A<0, then the equilibrium state (v',F,C",m’) of the
ZDR system (3.5.1) is absolutely stable (asymptotically stable for all z>0). If
s<0or s>0, z7>0 i h(z")<0, then the equilibrium state (V',F",C",m")
of the ZDR system (1) is asymptotically stable at 7 €[0,7,).

The proof follows from theorem 3.5.1 and the stability theorem at the first
approximation [28].
Examples. With the help of the developed computer program, a

quantitative study of the inflammatory process was carried out in the case when:

B=2,y=08a=10", 4 =05p=017,4, =0.17,7=10, 4, =0.12.

1,m<0.1

=(m) :{(1— m)/(10/9),0.1<m<1

I1f t€[=7,0] the following initial conditions are true

V (t) =max(0,x+107°),C(t) =L F(t) =1, m(t) =0

The simulation shows that the time of reappearance of the inflammatory
process and the degree of its activity depend on the coefficient 2., which is
consistent with experimental data.

Let's put 7=0.1,0=10. We have a case when 7z <z, (Fig. 3.5.1), which

corresponds to a stable solution (V',F",C",m").
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The following examples illustrate cases where 7 >z,. So, for example, let's

put 7=0.4,0=10 (Fig. 3.5.2), 7=2,0=10 (Fig. 3.5.3). There is a periodic

solution (chronic form of the pathological process), which turns into an unstable

one (acute form of the pathological process with a fatal outcome).
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3.6. On stability in the model of immune defense, taking into account
the dysfunction of the target organ. Lyapunov's method of degenerate

functionals

This subsection will study the issues of stability of the simplified immune

response system by G.I. Marchuk [53]:

dv

ot =(B-7F)V,

& _ smav - 0)F t-)- m(C-C)

:; (3.6.1)
EZPC —(ug +V)F,

dm

—=0—4,m
at M
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The biological content of the coordinates and coefficients of the system is
discussed in subsection 3.5. In the paper [53], sufficient conditions for the
asymptotic stability of the system are established (3.6.1) in the absence of the
influence of the damaging effect of the organ on the immune response, i.e. when
&£(m)=1. In this case, the system (3.6.1) takes the form:

dv

— =(f-yF)V,

m (B-7F)

d—C:aV(t—r)F(t—T)—,uc(C—(_?),

O‘ljé (3.6.2)
E=pC—(uf+WV)F,

dm

— =0V —um

g OV T Hn

Here C is a constant level of plasma cells in a healthy body.
It is established in [53] that the system (3.6.2) has two states of

equilibrium:
_ pC”
And.V,=0, C,=C, F=2= m=0 (3.6.3)
Hy
e s E
“_szuc(ufﬂ 7P ) o by’ o _po o
Bap —pucny) y(ep—ucny) y Ho
(3.6.4)

The study was carried out on the basis of linearization and the study of the
placement of zeros of a characteristic quasipolynomial [53, 169, 185]. Below are

the main results.
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Theorem 3.6.1. [53] A sufficient condition for the asymptotic stability of
the steady state (3.6.3) is the fulfillment of the inequality

p<yFR. (3.6.5)

Theorem 3.6.2. [53] A sufficient condition for steady-state stability
(3.6.4) is the w7 <1 fulfillment of inequality

f-d
a—g0gr

0<

<b-g-fr (3.6.6)

Here a,b,d,g, f are the coefficients of the corresponding characteristic quasi-
polynomial.

This subsection is a continuation of subsection 3.5 and is devoted to the
application of the method of degenerate functionalities of Lyapunov [102] to the
study of system stability (3.6.2). It should be noted that it is distinctive that this
method will establish the conditions for the global stability of the system (3.6.1)
in the general case, taking into account the effect of the damaging effect of the

organ £(m) on the immune response.

It should be noted that for the initial nonlinear system (3.6.1) it is
theoretically possible to exist a state of equilibrium other than (3.6.3), (3.6.4) — it
depends on the type of function &(m). The subsection will establish the
conditions for the global stability of equilibrium states, which we will
conditionally designate as (V*,C",F",m").

Degenerate functionalities of Lyapunov. We will follow the definition of

the Lyapunov functionality introduced in [80] for the system with a delay
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Ot (tx). %, =a(s) 367)

where f :RxC — R" is the continuous functionality and f(t,0)=0.

Definition 3.6.1. The functionality is V : RxC — R called the functionality
of the Lyapunov system (3.6.7) if:

(i) u(lp(0)) <V (t.¢)<v(lgl):
(ii).V (t, ¢) < —w(|$(0))

where u(s),v(s),w(s):R, >R, are continuous and non-decreasing,
u(s)>0,v(s)>0at s>0and u(0)=v(0)=w(0)=0.
For the first time, the concept of degenerate Lyapunov functionals was

introduced in the work [99] when studying the asymptotic stability of the trivial

solution of the next non-autonomous linear system with a delay
X(t)+ > a; (t)x; (t—7;)=0, i=12 (3.6.8)

As noted in [99], it is usually difficult to find or construct Lyapunov
functionals with negatively defined complete derivatives on the solutions of the
system. The approach of combining the principle of invariance with conditions
of the Razumikhin type also seems to be difficult to apply to equations of the
Lott-Voltaire type. To overcome such problems, K. Gopalsamy [99] uses the

functionality V (x,,X,)=(V, +V,)(%.X, ), where
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V, (%, %,) :ZZ: X, (t)+z‘[tt a (s +7; )xj (s)ds} (3.6.9)

i=1 j=1

and some V, (x,,%,)>0.

With the help of the functionality V and lemma 1.3.2 (Barbalat's lemma),
K. Gopalsami was able to obtain the conditions of asymptotic stability (3.6.8).
As an example, he obtained some sufficient conditions for the global asymptotic
stability of the positive equilibrium state of the next system of competition with

a delay
N;(t) =N, (t){ri —_Zzlbiij (t-7, )} i=12. (3.6.10)

The results were also extended to a generalized form (3.6.10), including
continuously distributed delays.

It can be noted that the functionality (3.6.9) does not satisfy condition (i) in
the definition of the Lyapunov functionality. This type of functionals is called
"degenerate™” Lyapunov functionals [99].

A more complete overview of the application of Lyapunov's method of
degenerate functionals is given in [196]. Here we will only give the definition of

degenerate Lyapunov functionals, introduced in [99].

Definition 3.6.2. A functional is V :RxC — R called a weakly degenerate
functional for (3.6.7) if for all large t (say at t>T forsome T >0)

(i) there is a continuous and non-decreasing  function

v(s):R, >R, v(0)=0 and v(s)>0 at s>0 such that 0<V (t,¢)<v(|d]);
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(i) there is a continuous and non-decreasing  function

w(s):R, >R,, w(0)=0 and w(s)>0 at s>0 such that

V'(t.4)<-w(|$(0)]).
If instead of (ii) is
(i) there is a continuous and non-decreasing  function

w(s):R"'>R,, m<n, w(0)=0 and w(s,....,s,)>0 at (s,,...,S,)=0 such

that VV'(t,4) <-w( (0)....4, (0)),
then such a functional V is called strictly degenerate Lyapunov
functionality for (3.6.7).
Degenerate Lyapunov functionals without taking into account the
influence of the action of the damaged organ. Let's rewrite the system (3.6.2)

in the form of:

a{log[V(t)/v ]}_dt{logV(t) IogV}—V(t) (B-yF)=—y(F(t)-F");
%{C(t)—C*}:aV(t—T)F(t—r)—,uc(C—6)—0{V*F*+,uC(C*—(_3)

=a|[V({t-7)F(t-7)-VF |-g[Ct)-C];

%{F(t) N F*} = P[C(t) —C*:| — M [F(t) — F*:| —777|:V ()F(t) —V*F*];
%{m(t)—m*} ZG[V(t)—V*]_lum[m(t)—m*] (3.6.11)

The next stability condition will be established using a quadratic
functional. On the basis of functionals of this type, stability conditions are

obtained, which are called "medium-diagonal dominance".

Theorem 3.6.3. Suppose that:
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(i) p=yF
(i) the parameters of the system (3.6.2) are such that there are positive constants

a,b,c,d at which the matrix

0 0 -yl2 co 0 0
0 —2ayu. bp 0 0 aa
-A12  bp —2bu, 0O —bny 0O
i P 0 —2cu. 0 0
0 0 —bny 0O d 0
0 aa 0 0 0 —d

positively defined. Then all solutions (3.6.2) corresponding to the integral initial

conditions satisfy

limV (t)=V", limC(t)=C" limF(t)=F" limm(t)=m"

t—o0 t—w t—oo t—w

The proof is given in [196, p. 157-158].

The effect of the action of the damaged organ on the immune

response. Next, consider a system (3.6.1) with &£:[0,1]—[0,1]the function ,

which is a non-increasing function of the performance of immunological organs.

Let's introduce the replacement of variables:

* *

xizlog(\%j, x,=C-C", x,=F-F, x,=m-m",

Hence: V (t)=V'e®, C(t)=x,+C", Ft)=x,+F ,. m{t)=x,+m
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Let's mark

Through Vv__,F_V_ F_ let's designate the maximum and minimum values

of antigen and antibody concentrations, respectively. These values can be
established experimentally.

In contrast to the work [53], where the model parameters 3,7 were assumed

(3.6.5), we will consider a wider area

B<¥Fo (36.13)

Lemma 3.6.1. The function Z(x4 (t)) has the following properties:
(and)|Z(x,(t))|<1 and 0<Z(x,(t))<1 at x,(t)>0, -1<Z(x,(t))<0 at
X, (t)<0;

(ii). Z (%, (t))x, (t)=0

Using the above designations, the system (3.6.1) can be rewritten in the form of:

X, (t) ==X (t),

~Z(x, (Ve (X (t—7)+ F7) + §(m*)v*exl“")(x3(t —7)+F)
—EMWV'F” -
— %y (1);

X (1) = pX, (1) = 21 %, (1) =177 | VO (x, (1) + F) =V F "],

X,(1) =0V | e*V =1 - 11, X, (t)

X,(t)=a

(3.6.14)
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Lemma 3.6.2. At the solutions of the system (3.6.14) there is an
inequality:

*

*

X, (t—7)>Z°(x,(t)) F(m) + A+ Z(x,(t))Be M —F" (3.6.15)
where
pop elCC) g P k(CoC)
aZ(m )V E(m7)  a®(m)V

The proof is given in [196, p. 159].

Lemma 3.6.3. At the solutions of the system (3.6.14) there is an

inequality

E(M)FV 4V, Fo + ¢ (C-C")
VAT =7 _ (3.6.16)

min" min

The proof is given in [196, p. 160].

Lemma 3.6.4. Suppose that the inequality (3.6.13) takes place. Then, at
the solutions of the system (3.6.1), an estimate is performed:

t
j V (s)ds sv—(t) gl Frmc=P) —1] (3.6.17)
t—r

7F max—ﬂ[

The proof is given in [196, p. 160].
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Lemma 3.6.5. For solutions (3.6.1) there is an assessment:

V(t—7)=V(t)e”
The proof is given in [196, p.160].

Let's enter the functionality:

%4(t)
W, (x, (1)) = j Z(u)du.

0

Then we have W,(x,) >0 at the junctions (3.6.11):

w = Z(X4 (t))x4 (t) =0/ (X4 (t))v*[exl(t) _1:| _ ,UmZ (X4 (t))X4 (t) .
Because

t
en® _q1_ [exl(t) _ exl(t—r)] n [exl(t—r) _ 1] _ J‘ "% (s)ds + [exl(t—r) _ 1]’

t—r

then

dW, (x(1)) _

at =0Z(X, (t))V*{ __i- G (=7%;(s))ds + [exl(t_r) _1:'} — HaZ (X, ()X, (1) =

t—r

= _70\/* j eX1(S)Z (X4 (t)) X3 (S)dS +oZ (X4 (t))V* ':exm_r) _1:| o /jmz (X4 (t))X4 (t)

t—-r

Using the inequality ab < %(a2 +b?), we come to the next
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w = %]/UV* {[tj‘rexl(s)dS}Z 2(X4 (t)) + t:i-TeX1(S)X§ (S)dS} +

+0Z (X, (Ve 1]
—Hin Z (X, (1)) X, (1)

Let's define the functionality:

tt
W, (x(t)) = %yav* J' jexl(s)x§ (s)dsdv

t—-r v
Have:

AW, (x(1) _1

t t
i Zyav*{—j e"®x2(s)ds + j enOx? (t)dv} =
t—-7

t—r

t
- %j/av*{— I e"®x2(s)ds + renVx? (t)}

t—7

Away:

t
%(\/\/l FW,)(X(1)) < % }/O'V*{ I exl(s)dsjzz(x4(t)) + reA0K? (t)} +
t—-r
+0Z (X, OV [ 47 =1 = 1, Z (%, (0) %, (1)
t t
Next, we will evaluate V" j e*C)ds = jV(s)ds by virtue of lemma 3.6.4. We

t—r t—r

have:



190

d 1 1 Fnax—B)7 2 2
a(\N1+W2)(X(t))SE;/CTV('[)H:—ﬂ(eW =) 1)}2 (%, (t))+7x] (t)}+

yFmax -
+0Z(X, OV [e* ¢ -1]-
—HnZ (X, ()%, (1)

Let's introduce functionality

X (t=7)

W)= [ [e°-1]ds.

0

Then:
d X (t—7
T M0uD) ==t - o) e -1 ],

Let's define the functionality of Lyapunov as follows:
W (X(£)) =W, (X, (1)) +W, (X, (1), X5 (1)) + SW, (%, (1))

Here ¢ >0 it is unknown so far.

Then, by virtue of the previous calculations:

d 1 F_B)r 2 2
aW(x(t))SE;/aV(t){ﬂ:m—_ﬂ(e(y mox4) —1)}2 (%, (t))+7x] (t)}

+0Z (X, (V| e —1] -Gy, (t—7)[e*“ 1] (3.6.18)
—Hn Z (X, (1)) X, ()

Using in (3.6.18) the inequality of the lemma 3.6.2, we have:
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d 1

SW(x(t) < % yov (t){m@m“’ —D}Zz(m (1)) + 2% (t)}

+0Z(x, OV [ -1]

—5{22 (%, (t))% + A 1 7 (x,(t))Be M) - F*J[exl‘”) ~1]

—HnZ (X, ()%, (1)

Using the inequality of the lemma 3.6.5, we have:

a
dt

1 o} # (7Foax=B)T _ 1y _ F* -pr 2 - 2
W(x(t))szy V(t){lﬂf':max—ﬂ(e 1) 57—§Z(m*)v*e ]Z (x,(t))+ x3(t)}

+GZ(X4(t))V*[eX1(t’f) —1]

5y (A +.Z (%, (1)) Be ™) = F7)[ 2 —1]+ 5727 (x, (1)) 2'<: 7
m
—UnZ (X, (1))X, (1) <
Slyo'V(t) ;(e(ﬁm“m’—l)—éy F* e Z (%, (1)) + X (1)
2 7Fmax _ﬂ 52 m )V
«V A A < ||V . =
oV | _1(-5y| A -B -F mh 1 |+0y———
’ [V* } 7( Voo Vi [V* } " (m)
A (X4 (t) Xy (t)
(3.6.19)
Let's choose & >0 one that:
s
5> v
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In this case, from (3.6.19) we get:

d 1 1 Fro-B)T _ 1y _ F' s | 2
5V (x(D) =5 yoV (U{L/Fmax ny (e 1) -oy EEa e ]Z (%, (t))+7x] (t)}
—HnZ (X, ()%, (1)

From the property (ii) for Z(x,(t)) we have:

*

d 1 1 F
—W (X)) SZpoV (t)s| ——— (""" —1) -y e |Z%(X, (1)) + 7X; (t
W) <70 (){LFmax_ﬂ( = ] (% (1)) + 265 ( )}
(3.6.20)
Let's choose >0 such that
1 (PP o
— (V™ N <y ————e"". 3.6.21
A pC T o
and to
2
= 2 : g( Z i ; (3.6.22)
Sy e fr (eVFmA7 _1)  (Fom —F
éz(m )V yFmax _ﬁ

Then on the right side (3.6.20) there is a negatively defined quadratic form of
the arguments Z(x4(t)), X;(t). So, W - strictly degenerate Lyapunov

functionality.

Applying the asymptotic stability theorem, we get the following result.
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Theorem 3.6.4. Suppose that:
(i) the inequality is fulfilled (3.6.13);

ol
V

Y \YA . Vmin_ B F
{( - ){V* - (m*)}

(iii) the delay = >0 is finite and satisfies the inequalities (3.6.21), (3.6.22).
Then the positive state of equilibrium of the system (3.6.1) is asymitotically

(if)

stable for some approximate initial conditions.

3.7. Stability of the generalized model of Gompertz dynamics

The model described by equations (1.4.4)-(1.4.6) on the semi-axis t>t,
with initial conditions (1.4.7)-(1.4.9) in the absence of treatment (c(t)EO) IS

considered:

= = (3.7.1)
il ()= Lg (1), i=1M
dL;it(t) {Q,Lﬂ(t)+gﬂac¢&(t)}q_ .
Bl (1) -6sLe (1), i=iM
dNOiIt(t) = AN, (t)In Nit) _SM;UPSM L, ()N, (t)_gaw L (N (t), 37.3)

Put:
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:G(LF’l (t)""’LPM (t)’l—c1 (t),...,LCM (t)):Mn y o - (8.74)

> L (0)+ L ()]

i=1

Here A >0 is the rate of development of the disease, 6, >0 is the upper

limit of the total number of cancer cells.

Statement 3.7.1. Populations for which at some point in time t > t,:
M
YL M)+ ()]=6 (3.7.5)
s=1
(i.e G=0.) is not a state of equilibrium of the system (3.7.1)-(3.7.4).
The proof is given in Appendix A.3.

Let's enter the notation of matrices and vectors:

1 ...1

=[: . |eR™M js a matrix, all
1 ... 1

[1]

Hpp :{'uP"Pi}i,jl,lvl’ Hpc :{/Upi,cj}i,jw’

elements of which are units, e, =(1...1)' eR™ is a vector, all elements of
which are units,

a=(a,..ay)

- unit matrix.

. ﬂ:(ﬂli""ﬂM)T’ 5P:(5|31""’5PM)T’ 5(::(5 O, )T,

Consider a matrix of block form:

(1—al = (4o + 110 )E)IG + G =Sl ¢ I
c- (al + e )G (P o)1 |eREw

i
]
i
]
i
]
_—— - - R S

e

(3.7.6)
and vector
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b: O c R2M+1

&
oe *

Statement 3.7.2. Let the coefficients of the system (3.7.1)-(3.7.4) be such
that there is a constant G >0 such that rankC =2M . Then for a given there

G>0 is a single state of equilibrium E"=(L",N")eR™", where

* * *

U=(Lyn by, Lo L, J€R™, N7=(N;..N;)eR™, the components of

which can be found from the equations:

cLl =b (3.7.7)

. 1V . .
N} :eiexp[—zz[aw L, +0c Lo, ]j (3.7.8)

i s=1

The proof is given in Appendix A.3.
The study of the stability of the state of equilibrium E” (3.7.1)-(3.7.3) can

be carried out using the Lyapunov vector function:

STL 0+ L ()] Y[l (O)+Le ()]
al InL - — &=l 7 -1
(L O ON,0)] | L L _ [
o [ON() N ()
Jleb{ln R —1}
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3.8. Stability of solutions of a simplified model of antitumor immunity

The following partial case of the system (1.6.1)-(1.6.5) is considered:

d:—it):aLL(t)ln Le(Lt)—yLF(t)L(t), (3.8.1)
LU _(matt-o)F1-7)-r(c-c). (82
O _bc (L (O)F () (383)
) _ 1 (1) m(t), (3.84)

That is, the process of maturation of plasma cells in the bone marrow is not
taken into account.

The system of differential equations presented above has equilibrium
states. Having (L',F",C",m") carried out linearization of the system of ordinary
differential equations (3.8.1-3.8.4) in the vicinity (L',F",C",m") of a point, we

get a linear system with constant coefficients:

d 2] . .
d—?:aLxl(lnf&—lj—yLF X, — 7, L X

P ) F %, (=) + Sl (t - 7) — prox, + o UE" 98M )
dt dm

dx . .

d_t3:be2 — U X —ny LX,—ny F X

% = O-Xl _:umX4

dt
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In the case when &(m)=1, then the characteristic polynomial of the

resulting linear system is a quasipolynomial (exponential polynomial) of the

fourth degree:

A +al’+a, A +ad+a, +bA%e +b e +be " =0 (3.8.5)
where

a =y L+ py + pe +

) 0 ) )
a, = e (7, L +ﬂf)—aL(|nf&—1j7mL + (77 L+ g+ 1)
& =—a Inf_l peny Lo+ /Uc(m/LL +:uf)_aL InF_l nr L

0, .
a, = _O‘L(Infi_ljﬂcmﬁl-/um
b =-b,al’

b, = aL(In%—ljbfaL* ~balu,

b, :aL(In%—ljbfaL*,um

When studying the placement of the roots of the equation based on the
exponential polynomial (3.8.5), the following results were obtained, proved in
paragraph I11.5 (theorems 3.5.1 and 3.5.2) for the simplified model of the
immune system of G.I. Marchuk using Rochet's theorem [126].

For the purpose of formulation, we will enter the designation

p=a’—-2a,, q=a’ +2a,+2aa, —b?
r=a’-2a,a,-h’+2bbh,s=a’-b’.
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and consider the equation:

h(z)=z"+pz’+qz° +rz+s=0. (3.8.6)
At the same time, we will also use the designations introduced in I11.5.

The result proven in paragraph I11.5 can be reformulated in terms of the
coefficients of the antitumor immunity model, thus obtaining a sufficient
condition of resistance.

Theorem 3.8.1. Suppose that the coefficients of the antitumor immunity
model (3.8.1)-(3.8.4) satisfy the conditions of theorem 3.5.1.

Then, if s>0i A <0, then the equilibrium state (L',F",C",m") of system
(12)-(15) is absolutely stable (asymptotically stable for all z>0). If s<0 or
s>0, z*>0ih(z)<0, then the equilibrium state (L,F,C",m") of system
(12)-(15) is asymptotically stable at 7 €[0, 7).

The proof follows from theorem 3.5.1 and the stability theorem at the

first approximation.

Conclusions. 1. A qualitative analysis of one third-order nonlinear system
with a time delay with the appearance of the right parts close to the general one
has been carried out. The system can be considered as a generalization of the
immunological model of the antigen-antibody-plasma cell. Sufficient conditions
for the stability and instability of its trivial solution have been obtained. In the
case of stability, an exponential estimate has been built in an explicit form. In
the proofs and constructions, the method of Lyapunov-Krasovsky functionalities
has been used.

2. The conditions for the stability of stationary states of the bone tissue
reconstruction model based on the functions of the Lyapunov logistic type are

indicated.
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3. The conditions for the stability of the equilibrium states of the toxic
colitis system are obtained, and they are illustrated on computer programs.

4. The application of equations with a delay with a piecewise continuous
right part in the theory of cell response to radiation is substantiated. Exponential
estimates of solutions have been found that allow solving problems of
controlling the time of irradiation, as well as finding the time required to achieve
the desired concentration of a substance in the cell.

5. A method for studying the stability of the model of immune protection
of G.l. Marchuk by studying the zeros of a characteristic polynomial - a
quasipolynomial of the fourth degree has been developed.

6. A method of constructing degenerate Lyapunov functionals in the study
of the stability of the immune defense model of G.l. Marchuk is presented. The
results are presented both without taking into account the influence of the action

of the damaged organ on the immune system f(m)sl, and in the presence of

such an influence. Comparing with the results of previous work, which was

performed on the basis of excellent methods [53], the conditions of stability for
a wider range of parameters B < yF.__ (as opposed to the area of S<yF’). In

this case, additional conditions are imposed on the amount of delay. The
prospect of the proposed method is the study of the immune defense system with
a continuously distributed delay.

7. The ways of studying the stability of the generalized model of
Gompertz dynamics are indicated.

8. Sufficient conditions for asymptotic stability of the equilibrium state of
the antitumor immunity model in terms of the coefficients of the characteristic
quasipolynomial have been obtained.

These results were reflected in monographs [170, 185], a number of
journal articles [36, 139, 141, 143, 156, 159, 160, 169, 175, 195, 196, 210, 211]
and conference proceedings [138, 140, 144, 152, 167, 207].
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